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Strain based Keeler–Goodwin diagrams are widely used in forming processes to predict onset of local necking. Plastic
instability is determined once the forming limit strain is exceeded. Use of these diagrams requires proportional strain paths,
which is not necessarily the case in sheet metal forming operations. In many forming processes, the strain path changes
during deformation. This may change the forming limit curve signiﬁcantly. In the paper, a stress based forming limit cri-
terion is adopted to deal with strain path non-linearities. Comparisons with earlier published work on forming limits are
made through analytical considerations. Furthermore, the criterion is implemented into the ﬁnite element code LS-DYNA
and veriﬁed numerically against results from large scale bulge tests.
 2007 Elsevier Ltd. All rights reserved.
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Reasonable prediction of fracture is important when exploring the limits of metal sheets. Not only is this
true for metal forming processes, but also in crashworthiness analyses where failure may signiﬁcantly reduce
the resistance of a structure. In industrial forming processes, the Keeler–Goodwin approach, see Keeler and
Backhofen (1964) and Goodwin (1968), has been the dominating method of estimating failure for many years.
In this method, the principal strains (1, 2) at incipient plastic instability are plotted in a forming limit diagram
(FLD). An example of such a diagram is illustrated in Fig. 1.
Proportional strain paths are assumed when establishing the FLD. This means that the ratio b between the
minor principal strain rate _2 and major principal strain rate _1 remains constant during deformation. This is
not necessarily the case in processes where large deformation takes place, e.g., industrial metal forming0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.11.015
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Fig. 1. Typical forming limit diagram.
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ening, changed specimen geometry and contact, the loading path may alter. It has been reported by several
authors that non-proportional strain paths may change the forming limits of materials, e.g., Ghosh and Lauk-
onis (1976) and Graf and Hosford (1993). An arising awareness of this eﬀect became apparent during the
1970s, through FLDs derived from experiments on pre-strained specimens, e.g., Ghosh and Laukonis
(1976). Later documentation on this was published during the 1980s and 1990s, see for example Rocha
et al. (1985), Graf and Hosford (1993). Although its generality may be questioned, the Keeler–Goodwin
method has not changed much from its initial form. Reasons for this may be that FLDs are intuitive and easy
to use. More complex methods require more resources, both from computers and the ones applying them.
A simple alternative to strain based FLDs is stress based FLDs. Such diagrams were ﬁrst presented by Arri-
eux et al. (1982), and later by Stoughton (2000, 2001), Stoughton and Zhu (2004) and Wu et al. (2005). The
idea is that stress based criteria remains more or less unaﬀected by altered strain paths. Furthermore, the nat-
ure of this type of formulation is simple and easily implemented into a ﬁnite element (FE) code.
This paper adopts the stress based forming limit approach and evaluates a combined Hill (1952) and Bres-
san and Williams (1983) instability criterion, here referred to as the BWH criterion. The BWH criterion is
meant to oﬀer a simpliﬁed way to estimate the onset of local necking. The veriﬁcation of the BWH criterion
is carried out in two separate series of analyses. The ﬁrst one is a set of analytical considerations, which is
compared with FLDs found in literature. The second set of analyses is performed numerically using the ﬁnite
element code LS-DYNA, see Hallquist (2007a,b). The ﬁnite element simulations are further compared with
benchmark tests (large scale bulge tests) provided by To¨rnqvist (2003).2. The BWH instability criterion
The forming limit diagram, as it is most often presented, is an intuitive way of displaying the limits of mate-
rials. However, as it has been highlighted, it is only strictly valid for proportional straining, i.e., the strain rate
ratio b ¼ _2=_1 remains constant. Ghosh and Laukonis (1976) and Graf and Hosford (1993) have shown that
for non-linear strain paths, the FLD may change. One simpliﬁed way of circumventing this problem is to
adopt stress based forming limit curves (FLC). This methodology has been strongly argumented for by
Stoughton, see for example Stoughton (2000, 2001) and Stoughton and Zhu (2004). Stresses can be directly
coupled to the plastic strain rates through the relations between the strain rates and the conditions for yielding
and plastic ﬂow. If the yield function and the potential for plastic ﬂow are assumed identical, the relations
between strain rates and stresses can be found from the associated ﬂow rule_ij ¼ _k oforij ð1Þ
2044 H.S. Alsos et al. / International Journal of Solids and Structures 45 (2008) 2042–2055where _ij and rij denotes plastic strain rate and stress tensor on index form, _k is the plastic multiplier, and f
describes the yield function. If J 2 ﬂow theory and plane stress conditions are assumed, the relation between the
strain rate ratio b and the principal stresses r1 and r2 can be expressed asa
Fig. 2.
norma
exponea ¼ r2
r1
¼ 1þ 2b
bþ 2 ð2Þ
Note that this relation is valid for plastic strains only. Elastic strains are neglected, which is reasonable since
plastic strains are much larger. In Fig. 2, an example of a strain based FLD (a) and a stress FLD (b) is shown.
The diﬀerence between these is that the stress based FLC remains ﬁxed in the stress space for non-linear strain
paths, while the strain based FLC may change for various combinations of non-proportional straining.
2.1. Hill’s local necking criterion
Hill (1952) proposed a criterion for local necking in the negative b regime. He assumed that a local neck will
form with an angle / to the direction of the major principal stress. Within this neck, the strain increments
along the narrow necking band will be zero. The orientation of the neck may be expressed as
/ ¼ tan1 1= ﬃﬃﬃﬃﬃﬃﬃbp , which yields rational results only for negative values of b. At the instant a neck is formed,
the eﬀects from strain hardening and the diminution in thickness balance each other exactly. This means that
the fractions within the material reach a maximum value at the point of local necking. This gives traction
increments equal to zero, dT 1 ¼ 0, at the point of necking, which leads to the following local necking criteriondr1
d1
¼ r1ð1þ bÞ ð3ÞAssuming that the material stress–strain curve can be represented by the powerlaw expression, req ¼ Kneq,
where (K; n) are material parameters and (req; eq) are the equivalent stress and strain, and that proportionality
between stress rates and stresses can be assumed, i.e.,a ¼ _r2
_r1
¼ r2
r1
;the equivalent strain at local necking can be expressed aseq ¼ 2nﬃﬃﬃ
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Forming limit diagrams in (a) strain space, (b) stress space. Both ﬁgures illustrate the same materials. Note that the ﬁgure (b) is
lized by the powerlaw parameter K in req ¼ Kneq, where (req; eq) are the equivalent stress and strain, and n is the powerlaw
nt.
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1þ b ð5ÞHere ^1 is equal to the powerlaw exponent n, although measured values may sometimes yield better correlation
with experiments. As equation Eq. (5) is based on proportionality it has limited use. Alternatively, a path inde-
pendent stress based FLC may be found directly from Eq. (4) and the powerlaw expression. This gives the
equivalent stress at local necking (note that also here ^1 refers to the powerlaw exponent n)req ¼ K 2^1ﬃﬃﬃ
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ð7ÞA similar derivation has been shown by Stoughton and Zhu (2004).
2.2. The Bressan–Williams shear instability criterion
Hill’s local necking criterion yields only rational results for negative b values. In the positive regime, other
methods of estimating the onset of local necking are needed. A popular solution to this goes through the meth-
odology established by Marciniak and Kuczynski (1967) (M–K). This procedure introduces pre-existing
defects within the material, which trigger local necking. The defects are often introduced as a groove within
a material element. During deformation, the strain ﬁeld is solved incrementally. Local necking is initiated once
the material within the groove starts to strain at a signiﬁcantly higher rate than the surrounding material and
the strain rate ratio b within the emerging neck approaches zero (plane strain). The M–K method describes in
a physical way the initial stage of local necking and as for stress based approaches, it does handle non-pro-
portional straining. The drawback, however, is that it becomes computationally demanding if used in ﬁnite
element analyses. Either one has to apply a high number of small elements in order to include small imper-
fections, or the M–K procedure needs to be introduced into each ﬁnite element. Hence, a much simpler stress
based instability criterion known as the Bressan–Williams criterion (BW) is adopted, Bressan and Williams
(1983). Contrary to the M–K method, the BW criterion may be solved analytically and can be used for failure
estimation with reasonable precision at a low cost.
In plasticity, the main mechanism of deformation comes from slip arising from shear on certain preferred
combinations of crystallographic planes. Furthermore, it has been observed by experiments that failure planes
in sheet metal lie close to the direction of maximum shear stress, see Bressan and Williams (1983). It is there-
fore reasonable to assume that the instability may take place before any visual signs of local necking. Thus, a
shear stress based instability criterion may well be useful in estimating the point of local necking. As presented
by Bressan and Williams (1983), the BW criterion has a simple expression and has been applied with good
results. The basis for the BW expression follows three basic assumptions. First of all, the shear instability
is initiated in the direction through the thickness at which the material element experiences no change of
length. This indicates a critical through thickness shear direction. Secondly, the instability is triggered by a
local shear stress which exceeds a critical value. This means that the initiation of local necking is described
as a material property. Finally, elastic strains are neglected. This is reasonable since the elastic strains are small
compared to the plastic strains at local necking.
From Fig. 3, and from the assumptions above, a mathematical formulation for the BW criterion can be
found. As illustrated in Fig. 3a, the inclined plane through the element thickness at which shear instability
occurs (indicated by the plane normal xn) forms an angle p=2 h to the shell plane. The material experiences
zero elongation in this direction, indicating that _t ¼ 0. This gives the following relation between the angle of
the inclined plane and the principal strain rates
a b
Fig. 3. (a) Local shear instability in a material element. Note that no elongation takes place in the xt direction. (b) Shows the stress
components in a Mohr’s circle.
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cos 2 hþ p
2
 
¼ 0 ð8Þwhere cos 2ðhþ p=2Þ ¼  cos 2h, which further givescos 2h ¼ _1 þ _3
_1  _3 ð9ÞAssuming plastic incompressibility, _3 ¼ _1ð1þ b), the angle h can be found as a function of the ratio bcos 2h ¼  b
2þ b ð10ÞThe corresponding stress state can be obtained from the rules of stress transformation, or simply by drawing
up Mohr’s circle, Fig. 3b. This gives the following relation between the inclined plane and the stresses involvedscr ¼ r1
2
sin 2h ð11Þwhere scr is the critical shear stress. Finally, Eq. (10) and (11) may be combined into the expression which gives
the BW criterionr1 ¼ 2scrﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b
2þb
 2r ð12ÞA similar derivation is given by Brunet and Clerc (2007). Bressan and Williams initially suggested calibration
either from uniaxial tensile tests or biaxial tests. Another alternative may be calibration at plane strain, b ¼ 0,
through notched specimens or simply from Hill’s analysis. If the BW criterion is calibrated from Hill’s expres-
sion at plane strain, Eq. (7), the critical BW shear stress takes the following formscr ¼ 1ﬃﬃﬃ
3
p K 2ﬃﬃﬃ
3
p ^1
 n
ð13ÞAlso here, ^1 is equal to the powerlaw exponent n.
2.3. The Bressan–Williams–Hill criterion
The BW criterion was initially intended for the positive quadrant of the FLD, but the mathematical expres-
sion is also valid for negative values. However, as the strain rate ratio becomes negative, the validity of the BW
criterion becomes questionable. Hence, in order to cover the full range of b, the Hill and BW criteria have been
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rate ratio, b, the criterion readsa
Fig. 4.
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ð14ÞThe BWH criterion is illustrated in both strain and stress space in Fig. 2 for various hardening exponents, n.3. Analytical validation of the BWH criterion
A strong argument for the BWH criterion, is that it can be applied analytically to develop FLDs. This goes
for both proportional straining as well as for non-proportional straining. As a part of the validation process,
the BWH criterion is used to determine FLDs in a set of benchmark cases. The BWH forming limit diagrams
have then been compared with FLDs found in literature, e.g., Graf and Hosford (1993), Rocha et al. (1985),
Brunet and Morestin (2001) and Stoughton (2000). Common to all of these is the focus on the eﬀect of non-
linear strain paths. This is done through forming limit analyses of pre-strained specimens.3.1. Comparison with pre-strained Al 2008 T4
Graf and Hosford (1993) investigated the eﬀect of non-linear strain paths in Al 2008 T4. The specimens
were ﬁrst pre-strained in uniaxial, plane strain and equi-biaxial tension. Thereafter FLCs were generated.
These are illustrated in Fig. 4a and show how the forming limit changes with the degree of pre-straining.
In Graf and Hosford’s experiments, specimens of equi-biaxial pre-strain levels of 0%, 4%, 7%, 12%, and
17% were used. The results clearly show that the strain path does have an eﬀect on the forming limit curve.
A similar series of tests were conducted by Graf and Hosford (1994) at a later stage for Al 6111 T4. The same
trend as for Al 2008 T4 was observed.
In Fig. 4b, the response of Al 2008 T4 is investigated by using the BWH criterion. The material is reported
to follow the powerlaw over the strain range 5–20%, using the parameters K = 593 MPa and n = 0.285. For
accuracy reasons, the ^1 parameter is calibrated to a diﬀerent value than that given by the powerlaw exponent,
n. Fig. 4a shows that the major principal strain at local necking in plane strain is equal to 0.19, hence ^1 ¼ 0:19.–0.3 –0.2 –0.1 0 0.1 0.2 0.3
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Strain based FLD. In (a), data from Graf and Hosford (1993) for biaxially pre-strained material, (b) FLDs obtained with the BWH
n.
2048 H.S. Alsos et al. / International Journal of Solids and Structures 45 (2008) 2042–2055When comparing the diagrams in Fig. 4a and b, the curves correlate well. Clearly, the BWH criterion is able to
account for non-linear strain paths introduced by the pre-strains.
Stoughton (2000) studied the eﬀect of non-proportional straining on stress based FLCs using Graf and
Hosford’s data. By using Hill’s 1948 model for plastic potential, he mapped Graf and Hosford’s FLDs for
Al 2008 T4 into the stress space. The results are shown in Fig. 5 together with the BWH curve for the same
material. As the ﬁgure shows, the stress data fall close together. This may indicate that the forming limit in
stress space, remains more or less unaﬀected by the strain path, hence the expression ‘‘strain path indepen-
dency’’. Wu et al. (2005) have also made similar observations. This is an argument which speaks for stress
based forming limit criteria.3.2. Comparison with pre-strained ARMCO iron
Rocha et al. (1985) investigated how pre-straining and the degree of anisotropy aﬀected the forming limit of
ARMCO iron. In their analyses, the material was assumed to have orthotropic symmetry which was
accounted for by Hill’s plastic potential, Hill (1950). The local necking analyses were carried out by following0 0.2 0.4 0.6 0.8
0
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0.8
1
Stoughtons data
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Fig. 5. Stress based FLD. In gray, data from Stoughton (2000), in black, results obtained with the BWH criterion.
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pared with experimental results provided by Gronostajski et al. (1982).
Rocha et al. (1985) reported a stress–strain curve which followed the powerlaw using a powerlaw exponent
n = 0.2. The ARMCO iron is, however, more ductile than the powerlaw exponent indicates. If not pre-
strained, the FLD in Fig. 6, intersects with the 1 axis at 1 ¼ 0:3. ^1 is therefore set equal to 0.3.
In Fig. 6, a set of BWH produced FLCs is compared with forming limit data for ARMCO iron, Grono-
stajski et al. (1982). Forming limit curves for the virgin material and for two levels of pre-strain are shown.
These are 20% uniaxial pre-straining and 15% equi-biaxial pre-straining. Also here the forming limit is aﬀected
by the non-proportional strain history.
As Fig. 6 shows, the correlation between experimental and analytical curves is surprisingly good. The most
signiﬁcant deviation is found on the left hand side of the FLC for the equi-biaxially pre-strained material.
Deviation is also seen at the right hand side for the virgin material. Similar deviations can also be seen in anal-
yses presented by Rocha et al. (1985).
3.3. Comparison with pre-strained mild steel
In this sub section, forming limit diagrams presented by Brunet and Morestin (2001) are compared with
FLDs acquired through considerations of the BWH criterion. The benchmark FLDs have been developed
through experimental testing and numerical analyses of pre-strained mild steel (Fep04).
In the numerical analyses, Brunet and Morestin reported a material following the powerlaw with param-
eters, K = 521 MPa and n = 0.24. In addition to a virgin material conﬁguration, two pre-strained conﬁgura-
tions were identiﬁed. These are pre-straining in uniaxial tension and equi-biaxial tension, with strain values at
10% and 15%, respectively. As shown in Fig. 7a, the FLD for the virgin material yields a major principal limit
strain of 0.3 at plane strain. Thus, ^1 ¼ 0:3. The comparison between Brunet and Morestin’s experimental and
numerical predictions, and the predictions made using the BWH criterion is illustrated in Fig. 7. The corre-
lation between the results obtained with the BWH criterion and the other FLCs is satisfactory.
It is important to keep in mind that all the results provided by the BWH criterion are based on simple J 2
ﬂow theory. Furthermore, the only input to the BWH criterion comes from the hardening of the material and
the local necking strain at plane strain. Hence, the BWH model is a simpliﬁed instability criterion, which in
this paper is intended for fast prediction of the onset of local necking.
4. Numerical comparison with experiments – The ‘‘giant bulge’’ test
The simple formulation of the BWH criterion makes it ideal for prediction of plastic instability in ﬁnite ele-
ment analyses, especially if the elements used in the simulation are larger than the scale of the instability itself.
In this way, the BWH criterion may be able to eﬃciently estimate the onset of instability at a reasonable com-
putational cost.
The BWH criterion has been implemented into the ﬁnite element code LS-DYNA and used in a set of large
scale bulge simulations. The simulation results have so been compared to the identical set of experimental
results, here referred to as the ‘‘giant bulge tests’’.
4.1. The ‘‘giant bulge’’ test
The large scale bulge tests were carried out by To¨rnqvist (2003), as a part of a study on the RTCL damage
criterion (Rice and Tracey (1969) and Cockcroft and Latham (1968) damage criterion). The bulge tests were
performed on large circular specimens bolted to a pressure device. The diameter of the overall setup was more
than one meter, and the plates varied from 5 mm thick steel plates to more than 10 mm thick aluminum plates.
As the name implies, the plates were forced to bulge as they were loaded. This was made possible by a large oil
pressure on one side, and a large die on the other side. As a contrast to punching tests, the deformation was
enforced without the disturbance from friction.
To¨rnqvist carried out experiments on various specimen conﬁgurations. As mentioned, both steel and alu-
minum plates were considered. This was done both for undamaged plates as well as for surface cracked spec-
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Fig. 7. FLDs obtained with the BWH criterion compared with data provided by Brunet and Morestin (2001) in (a) virgin material, (b)
10% uniaxial pre-straining, and (c) 15 % biaxial pre-straining.
2050 H.S. Alsos et al. / International Journal of Solids and Structures 45 (2008) 2042–2055imens. For further information, see To¨rnqvist (2003). In this paper, only undamaged steel plates with a plate
thickness of 5 mm are considered.
The experiments were performed using both elliptic and circular dies, Fig. 8. In this way, two diﬀerent stress
states were produced. The circular specimen had a plate and die diameter equal to 960 mm. The die itself was
Fig. 8. Photos of the experiments showing, (a) circular plate and die, (b) elliptic plate and die.
H.S. Alsos et al. / International Journal of Solids and Structures 45 (2008) 2042–2055 2051shaped like a torus with a rim radius of 125 mm. The elliptic specimen also resembled the torus geometry,
although with diﬀerent diameters in the horizontal plane. The major and minor diameters of the ellipse were
960 and 580 mm, and the rim radius was equal to 150 mm. The test setup is shown in Fig. 8 and the FE models
are illustrated in Fig. 9.4.2. Material and FE model
The plate specimens were manufactured from mild steel, EN 10025 S275, which resembles a typical struc-
tural steel. The stress–strain curve for the material is shown in Fig. 10. The shape of the curve, and especially
the plateau at ﬁrst yield, is very characteristic to steel. Hence, to obtain an accurate representation with the
powerlaw, some modiﬁcations are made. In the following simulations, the yield plateau is included by intro-
ducing the powerlaw as a step function which is initiated at the end of the yield plateau. This gives the follow-
ing modiﬁed powerlaw expressionreq ¼
rY ; if eq 6 plat
Kðeq  0Þn; otherwise
	
ð15Þwhere plat is the equivalent plastic strain at the plateau exit and rY the initial yield stress. 0 describes a mod-
iﬁed plateau strain which allows the plateau and powerlaw expression to intersect at (plat; rY ). This is formu-
lated asFig. 9. Finite element bulge models, (a) circular plate and die, (b) elliptic plate and die.
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Fig. 10. True stress–strain curves for the mild steel (EN 10025 S275). Both experimental datapoints and the powerlaw ﬁt are shown.
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 1
n ð16ÞAlthough a modiﬁed powerlaw expression is used for the stress–strain representation, the BWH criterion re-
mains as in Eq. (14).
In the analyses, little is known about the local necking properties of the material, hence ^1 is set equal to the
hardening exponent n. The stress–strain curve is represented by the following values, yield stress rY ¼ 290
MPa, plateau strain, plat ¼ 0:011, and the powerlaw parameters (K; n) equal to 730 MPa and 0.19,
respectively.
The ﬁnite element models are meshed with several grades of ﬁneness in order to investigate the degree of
mesh sensitivity, ranging from small element dimensions of 2.5 mm to length of 25 mm. The element used
herein is the one point quadrature Belytschko–Lin–Tsay shell element, Belytschko et al. (1984). It is well worth
noticing that this element uses discrete Mindlin shell theory to describe displacements and rotations, Bely-
tschko et al. (1984, 2004). Shear strains and stresses through the shell thickness are however small and there-
fore neglected in analyses with the BWH criterion. In order to account for any roughness in the plate surface,
and to promote inception of local necking, the element thickness is randomized according to a Gauss distri-
bution with standard deviation equal to 0.001 times the plate thickness.
Element failure is based on the middle through thickness integration points to avoid eﬀects from bending.
This implies that pure plate bending will not cause local necking. It is, however, possible that introducing fail-
ure in this way may be too conservative. It has been shown by Tarrett and Stoughton (2003) that specimens
subjected to a combination of bending and tension must exceed the forming limit for all layers through the
thickness. Hence, simulations which agreed to the latter observation were also performed. However, the dif-
ference in results is small, primarily because the problem is dominated by membrane stretching.
In addition to the numerical reproduction of the bulge tests, a series of uniaxial tensile simulations has also
been performed. This is done both for veriﬁcation of the powerlaw parameters and to explore the behavior of
the BWH criterion in the left FLD quadrant. The tensile tests were performed on identical plate qualities as
the bulge test, with gauge length 90 mm and width 30 mm. In the numerical analyses, the tensile specimens are
meshed with diﬀerent element sizes in order explore the degree of mesh size eﬀect. The characteristic element
length is signiﬁcantly smaller than in the bulge test, because of much smaller specimen dimensions. Three ele-
ment sizes are used, i.e., characteristic lengths of 1, 2.5, and 5 mm respectively.
4.3. Experimental and numerical results
The bulge tests were deformed as a reaction of a controllable oil pressure behind the steel plate. A natural
way to address the load deformation parameters is therefore through oil ﬁlling (increase in volume due to plate
bulging) and oil pressure behind the bulge.
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73 L. The pressure then dropped slightly before the point of fracture, i.e., ﬁlling volume of 78 L. The pressur-
ized area in the elliptic die was smaller than for the circular die. This generated higher pressures at lower ﬁlling
values before fracture occurred. The rupture pressure for the elliptic conﬁguration was 13.2 MPa at an added
volume of 25 L.
The results of the simulations are compared with the experimental data in Fig. 11. The simulations correlate
well with the experiments, and show no obvious tendency of element size sensitivity. Failure is initiated right
before the actual fracture takes place, but well within the acceptable failure range. This is especially true when
recognizing that the BWH criterion predicts local instability rather than the state of ﬁnal fracture, and that the
only input data are the parameters of the powerlaw.
Fig. 12 shows the deformed specimens which have been extracted from the simulations. The shaded plot
illustrates the value of strain rate ratio b. The darker zones, indicate a large degree of biaxial straining, while
the lighter areas indicate b values closer to plane strain. The highest level of b is seen in the circular test.
Throughout the process b remains stable and uniform in the proximity of the specimen center. Here, b is close
to unity, i.e., equi-biaxial loading. Right before failure, the strain rate ratio, b, is seen to drop towards zero,
indicating plane strain in the failing elements. The elliptic test shows a slightly diﬀerent deformation pattern.
The average b value throughout the process is close to 0.4. However, at the ‘‘edges’’ along the major axis of the
ellipse, the b value is signiﬁcantly higher. Failure appears in the middle of the specimen. Here, b goes from an
early value greater than 0.5 and drops below 0.3 right before failure.
The results of the tensile test simulations are shown in Fig. 13. The load-displacement data are trans-
formed into measures of engineering strains and stresses, due to convenience reasons. Naturally, the cor-
relation prior to diﬀuse and local necking is good. This is to be expected, since deformations are relatively
low and uniformly distributed over the whole specimen. After the onset of local necking, the responses of
the diﬀerently meshed models are deviating. This is also expected, due to the high strain concentrations
and the lack of through thickness resistance in the elements within the local neck. Hence, the failure
strains found from shell analysis in the post necking phase display unphysical values, which will vary with
the mesh size. It is however interesting to observe that the BWH criterion predicts failure right at the sep-
aration point for all meshes. At this point, the strain rate ratio b in the failing elements are seen to
increase from a value of 0.5 (uniaxial stress) towards zero (plane strain). This indicates that the criterion
is able to predict the point of instability for all meshes. Furthermore, this means that the criterion predicts
failure without being too sensitive to the mesh size. This is both convenient and consistent with the plane
stress behavior of shell models.0 20 40 60 80 100
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Fig. 11. Pressure vs added volume, experimental and simulation results.
Fig. 12. Deformed mesh and b values right before failure, (a) circular plate and die, (b) elliptic plate and die.
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Fig. 13. Tensile test compared with shell element simulations using the BWH criterion for three diﬀerent mesh sizes. Stapled lines indicate
simulations without fracture, while the thin lines indicate simulations with fracture.
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The BWH criterion is used in analysis of plastic instability and performs well compared to the benchmark
FLDs. The criterion explicitly gives the limit value based on the powerlaw hardening exponent, n, and some
measured critical strain, ^1. In this paper, this value is the local necking strain at plane strain, b ¼ 0. However,
reasonable failure estimations can be made if calibration is made according to Hill’s analysis of local necking,
^1 ¼ n. All analyses performed herein are based upon the assumption of plastic isotropy and J 2 ﬂow theory.
Thus, considering the coarse data available, the results are satisfactory.
The BWH criterion may easily be implemented into a ﬁnite element code. The simple nature of the criterion
makes it very CPU eﬃcient and attractive in analysis of structures where material and failure data are limited,
e.g., simple estimations on forming operations, crashworthiness analyses and accidental analysis involving
large scale structures. Many of these analyses applies relatively coarse meshes with elements much larger than
the sheet thickness itself. The simple BWH expression may therefore be a cost eﬀective and consistent alter-
native to more complex failure criteria.
Being an instability criterion, the BWH criterion avoids analysis in the post necking zone. This makes the
ﬁnite element solution less sensitive to the element size, since excessive straining within local necks is avoided.
Physically, the use of instability criteria in crashworthiness analysis can be justiﬁed by the fact that the remain-
ing energy dissipation within the narrow neck is low compared to the total deformation energy.
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